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We propose an extended expanding cavity model (ECM) in instrumented spherical inden-
tation to evaluate flow properties measured in uniaxial mechanical testing. We describe
the mean pressure of the projected surface from radial stress at the hemispherical core
boundary with a scaling factor for strain-hardening metals. Plastic constraint factors deter-
mined by the strain-hardening exponent, yield strain and scaling factor successfully illus-
trate flow stress–strain points in uniaxial tension tests. We suggest a novel way to
determine the strain-hardening exponent from the ratio of indentation loading slope,
and a modified Meyer relation to measure yield strengths.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Flow properties describing plasticity in uniaxial mechanical testing are indispensable in characterizing and predicting
deformation and fracture. In conventional uniaxial tensile testing, standards or precise procedures for sample preparation
and testing are required. However, tensile testing can be difficult or challenging when (1) destructive preparation of sample
is infeasible and (2) testing is limited to local volumes such as a single grain in polycrystalline materials or weld regions with
sharp mechanical-property gradients (Kim et al., 2006a; Shi et al., 2008; Yang et al., 2011). With these limitations on tensile
testing, instrumented indentation testing (IIT) has been investigated as a tool to evaluate flow properties in tensile testing
because of its simple and nondestructive sample preparation and testing (Dao et al., 2001; Herbert et al., 2001; Buclille et al.,
2003; Anand and Ames, 2006; Kim et al., 2006a; Lee et al., 2005; Antunes et al., 2007; Gouldstone et al., 2007; Haj-Ali et al.,
2008).

In the 1950s, Tabor (1951), on the basis of experiments on metals, suggested the following relations between flow stress
and strain in uniaxial tension and parameters in spherical indentation:
rt ¼
pm

w
¼ 1

w
� L
A
; ð1Þ
et ¼ 0:2
a
R
; ð2Þ
where rt and et are flow stress and strain in uniaxial tension, pm is mean indentation pressure, w is the plastic constraint
factor (taken as 3 in Tabor’s work), L is the indentation load, a and A are the contact radius and cross-sectional contact area
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of the indent and R is the radius of the spherical indenter. Since Tabor’s work, extensive research has been carried out to
investigate these relations. Ahn and Kwon (2001) modified the definition of flow strain to be average loading-directional
shear strain beneath the indenter, and evaluated the plastic flow properties for power-law-hardening metals. Matthews
(1980), Taljat et al. (1998), and Sundararajan and Tirupataiah (2006) have suggested that the plastic constraint factor in
Eq. (1) is a function of the strain-hardening exponent in uniaxial tensile testing. Recently the investigation of flow stress
and indentation mean pressure is extended to plastically strain graded materials (Gao, 2006; Gao et al., 2006; Shi et al.,
2008; Branch et al., 2011a,b), metallic glasses (Fornell et al., 2009), and composite materials (Veprek-Heijman et al.,
2009; Ma et al., 2012) and the indentation tests with wedge indenter (Kysar and Saito, 2011). These approaches are generally
called representative stress–strain methods using instrumented indentations.

The representative stress–strain method is based on correlating mechanical responses in uniaxial tension and spherical
indentation, and thus, understanding the stress field in spherical indentation is essential. To explain the stress field beneath
spherical indenter, Johnson (1985) suggested the expanding cavity model (ECM), which applies Hill’s spherical cavity model
in contact mechanics to spherical indentation. Fig. 1 is a schematic diagram of the stress field in the ECM. Hydrostatic pres-
sure is assumed to be applied to a hemispherical core corresponding to contact radius a, and the stress field in plastic region
ranging from the contact radius a to plastic zone size c is explored. In the plastic zone, the ECM assumes perfect plasticity
with no strain-hardening.

Although the ECM has been widely used to explain the stress field in spherical indentation, such simple assumptions as
hydrostatic pressure in the hemispherical core and perfect plasticity in the plastic deformation region are likely to be unre-
alistic. Here we suggest an expanded ECM for describing the stress fields in spherical indentation, so that flow properties
such as yield strength and strain-hardening exponent can be evaluated only by spherical IIT. In the expanded ECM, we take
into account extra hardening at the core in Fig. 1, which yields good agreement between the flow stress in tension tests and
representative stress–strain points in spherical IIT. We propose unique analytic models to measure flow properties, strain-
hardening exponent and yield strength from the representative stress–strain points.
2. Experiments

We prepared 13 metallic alloys: aluminum alloys Al6061 and Al7075, carbon steels S45C, SK4, SKS3, SUJ2, API X100,
stainless steels STS303F, STS316L, STS403, STS420J2, and titanium alloys Ti–6Al–4 V, and Ti–7Al–4Mo. Cylindrical tensile
samples with gauge length 25 mm and diameter 6 mm were prepared according to ASTM E8-04 (2002). Uniaxial tensile tests
were performed at crosshead speed 0.5 mm/min by Instron 5582 (Instron Inc., Grove City, PA, USA). For instrumented spher-
ical indentation tests, cubic samples of side 5 mm were prepared and one side of the sample was polished with 1 lm alu-
mina powder. IITs were carried out using AIS 3000 (Frontics Inc., Seoul, Korea) with a spherical indenter of radius 250 lm.
Indentation depths were every 10 lm from 10 lm to 100 lm, loading and unloading rates were 1 mm/min, and we per-
formed five repeatable tests for each point. To evaluate the mean pressure accurately, the cross-sectional contact area
was measured from the residual impression. After each indentation test, the projected area as a cross-sectional contact area
was measured by optical microscope (Kim et al., 2006b; Liu et al., 2008; Kang et al., 2012). An ultrasonic pulse–echo method
was used to measure sample elastic moduli.
3. Theoretical models

Expanding cavity models (ECMs) have been developed to explain indentation responses of various materials (Marsh,
1964; Samuels, 1957; Mulhearn, 1959; Johnson, 1985; Shaw and DeSalvo, 1970; Yoffe, 1982) on the basis of Hill’s solution
Fig. 1. Stress field in spherical indentation with the expanding cavity model (ECM) where x and y are surface plane directions and z is loading direction.
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for the quasi-static expansion of an internally pressurized spherical shell of an elastic-perfectly plastic material (Hill, 1950).
Early report of Samuels & Mulhearn (1957) and Mulhearn (1959) showed that displacements under surface are approxi-
mately radial from the first contact point when any blunt indenter contact, so there is hemi-spherical contours of equal
strain. Johnson (1970) extended this simple model to indentation by considering a hemi-spherical core of radius a. It is as-
sumed that the inner region of core has hydrostatic stress state and outer region of core has radial symmetrical stress state.
The expanding cavity models have widely been used to describe indentation deformation for its simplicity and good predict-
ability. However conventional models are on the basis of elastic-perfectly plastic materials, so there are reports of large vio-
lation in strain hardening materials (Tabor, 1986; Lawn, 1998). To evaluate indentation deformation of strain hardening
materials finite element analysis have been used.

Akyuz and Merwin (1968) used two-dimensional stress for a cylindrical indentation, and Hardy et al. (1971), Dumas and
Baronet (1971), Lee et al. (1972) and Skalski (1979) considered the development of the plastic zone as the load is increased.
Analytical solutions were also suggested by Chadwick (1959), Durban and Baruch (1976), Chiang et al. (1982), Bigoni and
Laudiero (1989) and Lubliner (1990). These researches mainly concerned internal pressure of cavity which is suggested in
Johnson’s model. They gave good analytical formulation between internal pressure and plastic zone size. However, the rela-
tion between the plastic zone and the mechanical properties was not carefully considered.

One recent analysis was performed by Gao et al. (2006). Gao et al.’s studies give solutions for an internally pressurized
spherical shell of the plastic power-law hardening material under the assumptions of infinitesimal deformations, isotropic
hardening, and incompressibility. The von Mises yield criterion and Hencky’s deformation theory (1924) which is valid for an
isotropic materials under radial loading were used for following derivations.

In elastic region, according to Lame solution, the radial stress (rrr), the angular and axial stresses (rhh,ruu) in spherical
polar coordinates are,
rrr ¼ �pi
a
r

� �3
; rhh ¼ ruu ¼ �

pi

2
a
r

� �3
; ð3Þ
where pi is the pressure at the core, a is contact radius, r is the radial distance from the center of the hemisphere.
On the elastic–plastic boundary (r = c), we can get Eq. (3) as follows:
rrr ¼ �pc
c
r

� �3
; rhh ¼ ruu ¼ �

pc

2
c
r

� �3
; ð4Þ
where pc and c are the pressure at the boundary and the size of the plastic zone in Fig. 1. And the stress components in Eq. (4)
should satisfy the yield condition. The stress state can be separated as fully hydrostatic tension state and deviatoric compres-
sion state
rrr 0 0
0 rhh 0
0 0 ruu

0
B@

1
CA ¼

rhh 0 0
0 rhh 0
0 0 rhh

0
B@

1
CAþ

rrr � rhh 0 0
0 0 0
0 0 0

0
B@

1
CA: ð5Þ
Inserting Eq. (4) into the yield condition (rhh � rrr = ry, where ry is yield strength) gives pc as 2/3 ry. We can rewrite Eq.
(4) as:
rrr ¼ �
2ry

3
c
r

� �3
; rhh ¼ ruu ¼ �

ry

3
c
r

� �3
ðc < rÞ: ð6Þ
For Holloman hardening materials, we can describe the true stress–strain relation by
rt ¼ Eet ðe � eyÞ; ð7aÞ

rt ¼ Ken
t ðe � eyÞ; ð7bÞ
where E, K, and n are elastic modulus, strength coefficient, and strain-hardening exponent in uniaxial tension, respectively.
The governing equations in a stress formulation of Hencky’s deformation theory include the equilibrium equation
@rrr

@r
þ 1

r
2rrr � rhh � ruu
� �

¼ @rrr

@r
þ 2

r
rrr � rhhð Þ ¼ 0; ð8Þ
the compatibility equation
@ehh

@r
¼ err � ehh

r
; ð9Þ
where err, ehh, and euu are the radial, angular, and axial directional strains in spherical coordinate, and the constitutive equa-
tion (Gao, 2006; Gao et al., 2006)
err ¼ �
et

rt
rhh � rrrð Þ; ð10aÞ
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ehh ¼ euu ¼
1
2

et

rt
rhh � rrrð Þ: ð10bÞ
The boundary conditions are
rrr jr¼a ¼ �pi; ð11aÞ

rrr jr¼c ¼ �pc; ð11bÞ

errjr¼c ¼ ey ¼ ry=E: ð11cÞ
The von Mises yield criterion (Tresca yield criterion leads the same result) will be expressed by
rhh � rrr ¼ rt ¼ Ken
t : ð12Þ
The strain distribution can be found as follows. Using Eq. (12) in Eq. (10) gives
err ¼ �et; ehh ¼
1
2
et : ð13Þ
From Eq. (9), we can get
@err

err
¼ �3

dr
r
: ð14Þ
Integrating Eq. (14) from a to r gives
err ¼ A
a3

r3 ; ð15Þ
where A is the constant of integration, which means the true strain at r = a.
Inserting Eqs. (11c) and (13) into Eq. (15) gives
A ¼ ry

E
c3

a3 : ð16Þ
Inserting Eq. (16) into Eq. (15), and using Eq. (13), we can get strain distributions as follows:
err ¼ �
ry

E
c3

r3 ; ð17aÞ

ehh ¼ euu ¼
1
2

ry

E
c3

r3 : ð17bÞ
The radial displacement is
urr ¼
Z

errdr ¼ 1
2

ry

E
c3

r2 : ð18Þ
The calculation of stress distribution is more complex. Inserting Eq. (12) into Eq. (8) gives
drrr

dr
¼ 2rt

r
: ð19Þ
Using Eqs. (7) and (17), Eq. (19) can be changed to
drrr

dr
¼ 2K

r
ry

E
c3

r3

� �n

¼ 2K
ry

E
c3

� �n
� 1
r3nþ1 : ð20Þ
Integrating from a to r gives
rrr ¼ 2K
ry

E
c3

� �n
� 1
�3n

� �
1

r3n
þ B; ð21Þ
where B is the constant of integration.
Inserting the boundary condition (Eq. (11b)) into Eq. (21) gives
B ¼ �pc þ
2K
3n

ry

E

� �n
: ð22Þ
From the solution in the elastic region (Eq. (6)), the pressure at the elastic–plastic boundary (pc) is 2/3ry. Thus, Eq. (21)
yields
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rrr ¼ �
2
3
ry þ

2K
3n

ry

E

� �n
1� c3n

r3n

� �
: ð23Þ
As mentioned above, for continuity of hardening behavior at e = ey, the strength coefficient K will be
K ¼ E
ry

� �n

� ry: ð24Þ
Substituting Eq. (24) into Eq. (23) gives
rrr ¼ �
2
3
ry þ

2ry

3n
1� c3n

r3n

� �
¼ �2ry

3
1þ 1

n
c3n

r3n
� 1

� �� �
: ð25Þ
Also, from Eqs. (8) and (25), the circumferential stress can be obtained as
rhh ¼ ruu ¼
r
2

drrr

dr
þ rrr ¼ �

2ry

3
1� 1

n
þ 1

n
1� 3n

2

� �
c3n

r3n

� 	
: ð26Þ
The volume of material displaced by the indenter is assumed to be accommodated by the radial expansion of the hemi-
spherical core. For the spherical indenter, the assumed conservation of volume of the core yields
pa2dh ¼ 2pa2dur jr¼a: ð27Þ
From the relation between contact depth h and contact radius (h ¼ R�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � a2

p
), we have
dh ¼ adaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � a2

p ¼ a
R

da 1þ 1
2

a2

R2 þ � � �
� �

; ð28Þ
with all nonlinear terms truncated. This approximation works well for spherical indentations with small a/R.
From Eq. (18), it follows that the rate of change of the radial expansion at any r in the plastic zone with respect to c is
dur jr¼a

dc
¼ 3

2
ry

E
c2

r2 ; ð29Þ
which gives
dur jr¼a ¼
3
2

ry

E
c2

a2 dc: ð30Þ
Inserting Eqs. (28) and (30) into Eq. (27) and direct integration yield
c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

E
ry

a
R

3

s
a ð31Þ
Thus, the radial strain and stress (Eqs. (17) and (25)) can be rewritten as follows:
err ¼ �
1
4

a
R

a3

r3 ; ð32Þ
rrr ¼ �
2ry

3
1þ 1

n
1
4

E
ry

a
R

a3n

r3n
� 1

� �� �
; ð33Þ
and the pressure of core pi and its strain (err jr¼a) can be obtained as
pi ¼ �rrrjr¼a ¼
2ry

3
1þ 1

n
1
4

E
ry

a
R
� 1

� �� �
; ð34Þ
errjr¼a ¼ �
ry

E
c3

a3 ¼ �
1
4

a
R
¼ �0:25 sin c; ð35Þ
where c is the contact angle between the indenter and the plane surface of the sample.
Eq. (34) implies that the mean pressure (or hardness) depends not only on the material properties such as E, ry, n, but also

on the indentation size a and the indenter radius R.
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4. Results and discussion

4.1. Expanded ECM with extra-hardened core

In the derivation of ECM, it should be noted that the actual mean pressure at the cross-sectional material surface pm is not
equal to the radial directional pressure at the core pi. This implies two points. First, the actual cavity occupied by the indenter
is not the hemispherical cavity assumed in the model. The region between the volume occupied by the indenter and the
hemispherical core (dotted region in Fig. 1) experiences plastic deformation, and this may cause difference in stress distri-
bution at the core boundary (r = a). Second, the mean pressure pm is not fully converted into radial hydrostatic pressure at the
hemispherical core boundary in the ECM.

Johnson (1985) suggested the following equation for perfectly plastic materials to describe the difference between the
actual mean pressure at the cross-sectional material surface pm and radial directional pressure at the core pi:
pm ¼ pi þ
2
3
ry: ð36Þ
Studman et al. (1977) suggested the following relation from the Mises criterion:
pm ¼ pi þ
1
2
ry: ð37Þ
These equations suggest that (1) the stress in the core is higher than at the core boundary and (2) the stress difference
between the core and the core boundary is proportional to the yield stress as the stress in the plastic zone is relatively pro-
portional to yield stress. The two equations above describe perfectly plastic materials, so an extended relation for strain-
hardening materials is necessary. We suggest the following relation with scaling factor k for strain-hardening materials:
pm ¼ pi þ krt: ð38Þ
The flow stress rt is used as in the yield conditions in the Eq. (5) instead of the yield strength. We evaluated pm from IIT
with contact area corrected by optically measured residual impression, and pi using Eq. (34) from the yield strength and
strain-hardening exponent measured in uniaxial tensile tests and elastic modulus measured by the ultrasonic pulse–echo
method. We measured k using pm and pi in Eq. (38) for 13 metallic materials where rt is obtained from the flow stress on
the stress–strain curve measured by tensile testing at the strain of Eq. (35).

Fig. 2 shows the relation of evaluated k and the strain-hardening exponent n, and k and the yield strain ry/E for three
indentation depths, h/R of 0.04, 0.12, and 0.20, where h is indentation depth. k is calculated from Eq. (38). In this calculation,
pm is defined to be L/A where L is measured from indentation test and A is observed by residual impression, pi is obtained
from Eq. (35) where ry and n are measured in tensile tests, E is measure by ultrasonic pulse-echo method, and a is observed
from residual impression. rt is defined as the flow stress on flow curve measured in tensile tests at the corresponding rep-
resentative strain by Eq. (35). Eleven materials in this study (except for the two austenitic stainless steels, STS303F and
STS316L) have k values from 0.43 to 0.83 (average value 0.61 ± 0.11) independent of n and ry/E. The deviation of k is ex-
pected to be restricted to about 10% because pi is generally at least twice rt in the fully plastic region (Johnson, 1985;
Kim et al., 2011). The dependence of k on materials may be attributed to extra strain-hardening and non-uniform stress dis-
tribution in the core, which is materials-dependent, whereas ECM assumes no strain hardening and a uniform stress distri-
bution in the core. However, Fig. 2 shows that the extra strain-hardening is not the primary factor in the difference between
pm and pi. In Fig. 2, k has no relation to indentation depth, i.e. the deviation in k value for three different h/R values for each
material is very small. This implies that the material region between the volume occupied by the indenter and the hemi-
spherical core has little effect on the difference between pm and pi since th evolume occupied by spherical indenter ap-
proaches the hemispherical core in the ECM as indentation depth increases. Moreover, k shows no trend with respect to
n and ry/E, as shown in Fig. 2.

The exceptionally high k values of the austenitic stainless steels STS303F and STS316L are examined in terms of strain-
hardening behavior and pileup. While the other 11 materials shows power-law hardening behavior, the austenite-based
stainless steels are reported to show almost linear plasticity with pronounced strain-hardening even at relatively high strain,
which is attributed to extra dislocation hardening due to cross-slip in austenite’s FCC system (Samuel and Rodriguez, 2005;
Lee et al., 2008). In Eqs (17a), (25), (31), (34), (35), which were developed on the basis of the constitutive equation of power-
law-hardening materials, pi can be underestimated since the representative stress of linear-hardening materials is generally
underestimated by the power-law-hardening constitutive equation, and this can yield overestimated k values.

Another feature of the austenite-based stainless steels is the rarity of pileup due to pronounced strain-hardening (Alcala
et al., 2000; Kang et al., 2012). Pileup, which is not considered in ECM, enters into the determination of mean pressure by
change in contact area as well as stress distribution under indenter (Jiang et al., 2009; Hernot and Bartier, 2012). When
determining mean pressure in this study, pileup is taken into account by direct measurement of the residual impression.
In terms of stress distribution, pileup widens the surface contact area, resulting in dispersion of stress beneath the indenter.
Compared to Hill’s spherical cavity model, in which a hydrostatic pressure originates from the core center, the source stress
in ECM is introduced normal to the cross section at the core center. This implies that the stress concentration is dominant
toward the loading direction and that the contour line of stress distribution is bell-shaped. Because pileup is generally in-



Fig. 2. Scaling factor k as a function of (a) strain-hardening exponent n and (b) yield strain ry/E.
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versely proportional to the amount of strain-hardening, this result is in line with the finite-element analysis of Mata et al.
(2006), who have shown that the shape of stress field under the indenter changes with the strain-hardening exponent, and
that highly hardened materials show a bell-shaped distribution.
4.2. Plastic constraint factor

We rewrite the constraint factor by combining Eqs. (1), (7b), (34), and (38) as
w ¼ pm

rt
¼ pi þ krt

Ken
t
¼ 2

3
1� 1

n

� �
1
4

E
ry

a
R

� ��n

þ 1
n
þ 3k

2

� �� �
: ð39Þ
This says that the constraint factor depends on the strain-hardening exponent n, yield strain ry

E , and relative indentation
depth a/R. Describing the scaling factor k by the strain-hardening exponent n eliminates one variable. For simplicity, we give
the following relation between the scaling factor k and strain-hardening exponent n for 13 metals in this study by fitting an
exponential curve to experimental results in Fig. 2a:
k ¼ 0:5098þ 0:0048 exp
n

0:0598

� �
: ð40Þ
Using Eq. (40) yields the relation between constraint factor W and relative indentation depth a/R for various values of n
and ry

E presented in Fig. 3. Fig. 3a shows the decrease in the plastic constraint factor with increasing yield strain for a fixed n
of 0.20. Fig. 3b shows that the plastic constraint factor increases as strain-hardening exponent decreases for a fixed ry

E of



Fig. 3. Dependence of plastic constraint factor on (a) strain-hardening exponent and (b) yield strain.
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0.002. The variation in the plastic constraint factor with strain-hardening exponent is found to be more pronounced than
that with yield strain. The above three results can be conceptually understood by the extent of relative plastic strain at
the core boundary.

Another feature shown in Fig. 3 is an increase of the plastic constraint factor as the relative indentation depth a/R in-
creases. In general, three stages are expected in the developing stress field under the spherical indenter (Park and Pharr,
2004; Kim et al., 2011). The first stage is the elastic regime with fully elastic contact; the second is a transition regime in
which plastic deformation begins and competes with elastic deformation. The third stage is the plastic regime, in which
the plastic zone is fully developed and the rate of increase of the plastic zone is saturated. It is of interest that the plastic
constraint factor as a function of relative indentation depth shows the saturation expected in the fully plastic regime. The
criterion for relative indentation depth between elastic and transition regimes is not presented because it is relatively very
shallow depth. In previous research, a saturation point is expected only in the combination of relative indentation depth and
yield strain. However, Fig. 3b implies that the development of the plastic zone is affected by strain-hardening exponent as
well.

Fig. 4 shows flow stresses as evaluated by Eqs. (1), (39), (40), flow strains by Eq. (35), and flow curves measured by uni-
axial tensile tests. We found improved agreement between flow stress–strain points evaluated by IIT and flow curves in uni-
axial tension for the newly developed model over the constant plastic constraint factor of 3. The flow stress–strain points
evaluated by IIT for Al6061 and Ti–7Al–5Mo with strain-hardening exponents 0.0625 and 0.0548 respectively are remark-
ably improved by using the plastic constraint factor as a function of uniaxial properties in Eq. (39). As discussed above, this
probably arises from the correction of the plastic constraint factor to depend on the strain-hardening exponent.

For application of Eq. (39), we need to know tensile properties such as strain-hardening exponent and yield strain. With
no preliminary tensile test, i.e. only with IIT, these properties can be determined by the iteration method and representative
stress–strain method (Dao et al., 2001; Herbert et al., 2001).



Fig. 4. Uniaxial flow stress–strain curve and representative stress–strain points evaluated by instrumented indentation for (a) Al6061, (b) SK4, (c) STS316L,
and (d) Ti–7Al–5Mo.
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4.3. Strain-hardening exponent—ratio of loading slope

We analyze Eq. (39) in terms of correlation between flow properties in tension and the indentation load–depth curve. By
the definition of mean pressure, we can write
L ¼ A � Pm ¼ A � wrt : ð41Þ
Here A is given by the contact radius a, the indenter radius R, and the contact depth h as
A ¼ pa2 ¼ pð2Rh� h2Þ: ð42Þ
Combining Eqs. (7b), (35), (41), and (42) yields the following:
L ¼ pwK
1

4nRn anþ2: ð43Þ
Fig. 5 compares the experimental curve of indentation load L vs. contact radius a and Eq. (43) for Al6061, SK4, STS316L,
and Ti–7Al–5Mo; we found good agreement between the indentation load-contact radius curve and points evaluated with
mechanical properties in Eq. (43).

To examine the effect of strain-hardening exponent on indentation load in Eq. (43), we derive the indentation load L with
respect to contact radius a as
dL
da
¼ 2P1P2aþP1P3ðnþ 2Þanþ1; ð44Þ



Fig. 5. Contact radius and indentation load in instrumented spherical indentation versis and those evaluated by stress distribution in expanded ECM.
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where
P1 ¼ pK
1

4nRn ; ð44aÞ
P2 ¼
2
3

1� 1
n

� �
1
4

E
ry

1
R

� ��n

; ð44bÞ
P3 ¼
2
3

1
n
þ 3

2
k

� �
: ð44cÞ
The ratio of slopes p at two arbitrary contact radii a1 and a2 is expressed as
p ¼
dL
da

��
a2

dL
da

��
a1

¼
2þ P3

P2
ðnþ 2Þan

2

2þ P3
P2
ðnþ 2Þan

1

� a2

a1
: ð45Þ
To understand Eq. (45) simply, the relation between n and p is presented in Fig. 6 for fixed values a1 = 150 lm,
a2 = 200 lm where R is 250 lm and k is determined from Eq. (40). Fig. 6 shows that the strain-hardening exponent can
be evaluated with the parameter p in spite of the small deviation in yield strain from 0.001 to 0.01 for relatively high p. Be-
cause the strain-hardening exponent is the amount of increase in hardening slope in uniaxial tension, it is reasonable that it
is closely related to the ratio of slopes in indentation loading curve. Fig. 6 compares Eq. (45) and the experimental data for
our 13 metals. Most metals show a proportional relation between p and n, as predicted analytically above. The overestimated
p which is below the analytic values in Fig. 6 may arise because of an underestimation of k with n in Eq. (40).



Fig. 6. Strain-hardening exponent as a function of ratio of loading slope from numerical approximation and experimental observation.
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4.4. Yield strength—understanding and modifying the Meyer relation

Meyer (1908) found a relation between yield strength and Brinell hardness, now called the Meyer relation, in which
indentation load L is given with indenter diameter D and residual diameter d as:
L

d2 ¼ C � d
D

� �m�2

ð46Þ
where C and m are material constants and the Meyer index determined by fitting. George et al. (1976) suggested an empirical
linear relationship between yield strength and the material constant:
ry ¼ b � C; ð47Þ
where the constant b depends on material class; for example, C is reported as 0.224 for the sheet steel grades. The Meyer
relation gives a good approximation of yield strength from inspection of the indentation load–depth curve.

To understand the Meyer relation in terms of theoretical analysis, we use the results of stress-field analysis and the con-
stitutive equation as follows. Equation (47) is rewritten with the geometrical relation of the spherical indenter as
Pm ¼
4
p

C
a
R

� �m�2
: ð48Þ
Using Eqs. (1) and (35), Eq. (48) is rewritten as
r ¼ 4m�1

p
C
w

eð Þm�2
: ð49Þ
If we consider the constitutive Hollomon equation in Eq. (7b), the strength coefficient and strain-hardening exponent are
given by
K ¼ 4nþ1

p
C
w0
; ð50Þ

n ¼ m� 2: ð51Þ
The Hollomon equation implies the following equation at the yield point, where ry is the yield strength and E is the yield
strain:
ry ¼ K
ry

E

� �n
: ð52Þ
Finally, the yield strain can be expressed by combining Eqs. (50) and (52) as
ry ¼
4nþ1

pEnw

 ! 1
1�n

C
1

1�n: ð53Þ
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This equation implies that the material constant C does not directly determine the yield strain through a characteristic
constant, as in Eq. (47). If we regard the multiplying constant of Eq. (53) as b in Eq. (47) and C as C

1
1�n in Eq. (47), yield strength

is determined not by the simple values of b and C but by the combination of various parameters such as strain-hardening
exponent, elastic modulus and plastic constraint factor. The plastic constraint factor is related to yield strain and strain-hard-
ening exponent as discussed above; in particular, it depends strongly on the strain-hardening exponent. The elastic moduli of
metallic alloys of similar base metals are almost identical. For this reason, if the materials can be classified on the basis of
similar elastic moduli and strain-hardening exponents, the Meyer relation may be applicable. This is why the Meyer relation
estimates acceptable yield strengths for similar metal classes. For the 13 metallic materials studied here, we found that
Meyer’s material parameter b depends on the strain-hardening exponent as shown in Fig. 7a. It thus seems clear that the
strain-hardening exponent is the most important parameter in evaluating the yield strength using the Meyer relation.

Even though the conventional Meyer relation yields a good estimate by using a constant dependent on the strain-hard-
ening exponent, Eq. (53) makes it possible to understand the relation between indentation load–depth curve and flow prop-
erties. We rewrite Eq. (53) by defining a modified multiplying constant b0 as
ry ¼ b0C
1

1�n: ð54Þ
By inputting actual yield strength and indentation data into Eq. (54), we evaluate b0 and approximate it as a function of
the strain-hardening exponent as in Fig. 7b. As b is well approximated by the strain-hardening exponent, b0 is also well de-
scribed. This analysis suggests that yield strength can be determined through the Meyer relation when materials are classi-
fied by strain-hardening exponent.
Fig. 7. Dependence of characteristic constant on strain-hardening exponent in (a) Meyer relation and (b) modified Meyer relation.



Table 1
Ratio of slope and estimated strain-hardening exponent.

Materials p n Estimated n Difference

Al6061 1.3378 0.0625 0.0447 �0.0178
Al7075 1.3581 0.0804 0.0664 �0.0140
API X100 1.3874 0.1351 0.1193 �0.0158
S45C 1.4253 0.2578 0.2140 �0.0439
SK4 1.4321 0.1797 0.2330 0.0533
SKS3 1.4370 0.2181 0.2469 0.0289
SUJ2 1.4349 0.2398 0.2408 0.0010
STS303F 1.4508 0.3344 0.2866 �0.0479
STS316L 1.4549 0.3086 0.2986 �0.0100
STS403 1.4016 0.2124 0.1520 �0.0603
STS420J2 1.4032 0.2073 0.1561 �0.0512
Ti–6Al–4 V 1.3672 0.0802 0.0804 0.0002
Ti–7Al–4Mo 1.3594 0.0548 0.0682 0.0134

Table 2
Estimation of yield strength with modified Meyer relation.

Materials ry (Mpa) n C
1

1�n ry from Eq. (30) (MPa) Error (%)

Al6061 262 0.0625 1338 242 �7.9
Al7075 518 0.0804 3466 516 �0.4
API X100 667 0.1351 7887 603 �9.5
S45C 363 0.2578 27840 327 �9.9
SK4 406 0.1797 10683 434 6.9
SKS3 435 0.2181 17434 388 �10.9
SUJ2 404 0.2398 24784 388 �4.1
STS303F 341 0.3344 105407 340 �0.2
STS316L 305 0.3086 51237 282 �7.6
STS403 335 0.2124 12954 316 �5.9
STS420J2 398 0.2073 15846 419 5.0
Ti–6Al–4 V 937 0.0802 6670 995 6.1
Ti–7Al–4Mo 1031 0.0548 5463 1070 3.8
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4.5. Estimation of strain-hardening exponent and yield strength

It is possible to determine n and ry from Eqs (45) and (54) by using the expanded ECM to analyze the stress distribution
under the spherical indenter. Each equation contains two independent parameters affecting the determination of uniaxial
tensile properties; however, they can be simplified to be functions of the major parameters by numerical approximation,
as discussed above. For simple mathematical expressions, we took the third-order polynomial fitting from the experimental
results in Figs. 6 and 7 for strain-hardening exponent with ratio of slope and b0 of the modified Meyer relation with strain-
hardening exponent:
n ¼ �52:24p3 þ 228:18p2 � 329:32pþ 157:31; ð55Þ

b0 ¼ �13:43n3 þ 11:53n2 � 3:42nþ 0:36: ð56Þ
Table 1 shows estimates of the strain-hardening exponent from p at indented radii 150 lm and 200 lm with Eq. (55).
From analysis of the stress field analysis under the indenter, we give a quantitative relation for the ratio of slope and
strain-hardening exponent and suggest a novel way to determine the strain-hardening exponent in instrumented indenta-
tion testing. Table 2 shows that the yield strength is well estimated by Eq. (56). This result suggests that yield strength can be
determined through the Meyer relation when materials are classified by strain-hardening exponent.

5. Conclusions

To understand the relation between the indentation load–depth curve and tensile properties of materials, we investigated
the core condition of the expanding cavity model and found that this model does not fully match the pressure of the core to
the indentation mean pressure. By adopting a scaling factor and comparing it at various combinations of strain-hardening
exponent, yield strain and indentation strain, we found the following results. First, the additional hardening of the difference
between the actual cavity and the model core is almost negligible in explaining the difference between the core pressure and
indentation mean pressure. Second, the effect of the strain-hardening exponent dominates that of yield strain because yield
strain is related only to the initial yield point and most of the field beneath the indenter has already experienced fully plastic
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deformation, especially directly beneath the indenter. Third, the hydrostatic pressure condition relies on the self-similar
shape of the stress field and is directly correlated to pileup. Thus the strain-hardening effect dominates over the pileup
and stress field shape. Materials with relatively low n values generally show greater pileup and similar hemispherical
stress-field shapes, and since this corresponds to the expanding cavity model, only minor correction is needed. However,
large-n materials like austenitic stainless steels, with linear strain hardening by extra dislocation hardening, show a large
mismatch.

By correcting the mismatch at the core using the strain-hardening exponent, we found that the relation between inden-
tation mean pressure and uniaxial flow stress (the so-called plastic constraint factor) depends on the materials’ flow proper-
ties themselves. Predetermination of the strain-hardening exponent and yield strain is required to predict the actual relation
from indentation. To alleviate difficulties in the numerical analysis caused by such determinations, we suggested two meth-
ods. First, using the result of stress analysis with the corrected expanding cavity model, we successfully described the inden-
tation load–depth curve using flow properties. Second, rom the ratio of the slope of the indentation load and contact radius
curve, we derived a quantitative relation of the strain-hardening exponent to the predicted strain-hardening exponent. For
evaluation of yield strength, we reviewed the Meyer relation by combining the constitutive equation and indentation stress
field analysis and found that the material-dependent constant in the Meyer relation depends on the strain-hardening expo-
nent. Finally, we suggested a modified Meyer relation to predict the yield strength of materials with strain-hardening
exponent.
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